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Abstract: As we know, the cosmological constant in different theories of gravity acts as 
a thermodynamics variable. The cosmological constant exists in different actions of gravity 
and also appears in the solution of such theories. These lead to use the black hole as 
a heat engines. Also, there are two values for the cosmological constant as positive and 
negative values. The case of negative cosmological constant supplies a natural realization 
of these engines in terms of the field theory description of the fluids to which they are 
holographically dual. In this paper, we are going to define heat engines for two different 
black holes as Dyonic BH and Kerr AdS BH. And also, we calculate maximum efficiency 
for these two black holes. 
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1 Introduction 


Thermodynamics of black holes was achieved by Hawking, Carter and Bardeen for the first 
time. When Hawking radiation discovered, they believed black holes are thermodynamics 
systems [1] and their temperature is related to event horizon. It means that dynamic laws 
of black holes with thermodynamic laws are similar to each other [2]. 

Four mechanic laws of black holes were formulated by Hawking, Carter and Bardeen in 
1973 [3] which are similar to thermodynamic laws, and also Chistodoulou confirmed theses 

[4]. 

The classic subject of black hole thermodynamics [5-8], which relates the mass M, surface 
gravity k and area A of a black hole with the energy U, temperature T, and entropy S, as 
follows. 


M = U 


T = 




( 1 . 1 ) 


27r ' 4 

And this subject has been extended to include black hole counterparts for the pressure P 

and volume V .Ref.s. [9-20]. The cosmological constant of space time relates to pressure 
A 


ere 


as P = — ^ and thermodynamic volume of black holes is defined as: H = {^p)s,cf)i,Jk (h' 
we are using geometric units Gn = h = c = k = l). The black holes may have other 
parameters such as gauge charge qi and angular momentum Jj with their conjugate, as 
potential (pi and angular velocity Hj. 

Recently, the variation of cosmological constant A, in the first law of black holes thermo¬ 
dynamics has been attention by Ref.s. [21-23]. So, pressure is a thermodynamic variable 
and mass will be enthalpy, it is given by, 


M = H = U + PV. (1.2) 

The first law of black holes thermodynamics in an extended (including P and V variables) 
phase space in four dimensions with an electric charge and rotation is, 

dM = TdS + VdP + i^dq + ndJ. (1.3) 
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When P is treated as constant (cosmological constant is not allowed to vary), above relation 
reduces to the standard first law in the ’non-extended’ phase space. The thermodynamic vol¬ 
ume of static black holes is equal to volume of horizon radius. For example in 4-dimensional 
Reissner- Nordstrom and Schwarzchild black holes we have following equation, 

^ (1-4) 

Also, the entropy is related to horizon radius, then volume and entropy are related to each 
other in static black holes. Thermodynamics of black holes not only determines standard 
thermodynamic variables such as temperature and entropy, but also has extensive phase 
structure in analogy with known non gravitational thermodynamic systems and admit crit¬ 
ical phenomena. 

Historically, the study of thermodynamic properties of AdS black hole was started with 
impressive article of Hawking and Page [24], they have shown that a phase transition in 
phase space of AdS Schwarzchild black hole (non rotating uncharged). Then our under¬ 
standing about phase transition and critical phenomena of systems with more complicated 
background increased, [25, 26]. The critical behavior of RN-AdS black hole in non ex¬ 
tended phase space (A=cte thus P=cte), at canonical ensemble (fixed charge) was studied 
in [27, 28] that has been observed phase transition behavior is similar to Liquid-gas phase 
transition. Also, the critical behavior of this black hole in extended phase space is remark¬ 
able coincidence with Van der Waals fluid studied by [29]. 

In Ref. [30], authors considered a Dyonic black hole in (3+1) dimensions (this black hole 
has a magnetic charge in additional to electric charge), and they have shown that putting 
black hole into ensemble of fixed electric charge and magnetic charge results is similar to 
[27-^29] except that there we have ^ q% + q\i- 

After studying of phase transition, it is interesting, whether we can define classical cycles 
for black holes like usual thermodynamic systems? It means that after phase transition of 
small black hole to large black hole, again the (LBH) can reduce to (SBH), in other words, 
system can back to primary state. 

The holographic heat engine has been studied in Ref [31] and has examined for charge AdS 
black hole. In this paper, we are going to consider for Dyonic BH and Kerr AdS BH. First 
of all we review thermodynamic cycles and heat engine and then we study thermodynamic 
cycles for Dyonic BH and Kerr AdS BH. Also, here we compare two black holes in cycle 
point of view and obtain some new results. 

2 Thermodynamic cycles and Heat Engines 

By using volume, pressure, temperature and entropy we can calculate heat energy and 
mechanical useful work. To do this, we start with equation of state (function of P(V,T)) 
and define an engine as a close path in P-V plane which receives Qh and gives Qc ■ From 
the first law of thermodynamics, total mechanical work is defined as, W = Qh — Qc- 
Therefore, the efficiency of heat engine is, r] = = 1 — 

Some of the classic cycles involve a pair of isotherms at temperature Th and and Tc, where 
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Figure 1. The Carnot engine 


Th > Tc, where there is an isothermal expansion while some heat is being absorbed, and 
an isothermal compression during expulsion of some heat. By using different method one 


can relate two systems each other. The first method here is isochoric path like classical 
Stirling cycle and the second one is adiabatic path like classical Carnot cycle. 


We know that a whole heat engine is fully reversible (since the total entropy flow zero). 
Therefore, the engine should have Carnot efficiency {rj = 1 — which is maximum 
efficiency that every heat engine can have. Any higher efficiency would violate the second 
Law. It is very important that how can reach to such efficiency in heat engine of black holes. 
So, the form of path for the definition of cycle is important. For the static black holes, the 
thermodynamic volume V and the entropy S are not independent. It means that adiabats 
and isochores are the same, in that case Carnot and Stirling coincide to each other. So, the 
efficiency of cycle can be calculated easily. 

So along the upper isotherm, we have the following heat flow. 
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( 2 . 1 ) 


And also along the lower, isotherm the heat flow will be as, 
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( 2 . 2 ) 


Since lA = 14 and 14 = V 3 , the efficiency becomes. 



(2.3) 
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3 Dyonic black hole solution 


Now we are going to consider the Dyonic black hole system. The solution of dyonic-dilaton 
AdS black hole can be used for maximal gauge super gravity in 4-dimension [32]. In that 
case the corresponding action will be as, 


/ = 


167rG4 

The equation of motion is given by, 






62 ^ 

= 0 . 


(3.1) 


(3.2) 


One can write a static spherically symmetric solution to this equation as, 
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where 


ds‘^ = —f{r)dt^ -|- -rr^dr^ + r'^dO^ -|- sin^ 6d(j)^, 

fir) 




The electromagnetic four-potential An is. 


(3.3) 


(3.4) 


^ _)_ —)dt -|- {qm cos 9)d(p, 

r r+ 


(3.5) 


where qe , Qm and M are electric charge, magnetic charge and mass of black hole respec¬ 
tively. The horizon of black hole is given by. 


f{r+) 


(l + |-^ + ^H^)= 0 , 

o2 r+ ri 


and electric potential <I>£; is defined by following equation. 


= 


qe 

r+' 


The Hawking temperature of this black hole is following. 


T = - = ^—[1 + ^ - $2 ^ 

fd 47rr+^ 62 E oi- 


The pressure is given by, 

and the thermodynamical volume is. 


P = -A = Ti 

Stt Stt 62 ’ 


V = 



(3.6) 

(3.7) 

(3.8) 

(3.9) 

(3.10) 
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We can write the temperature in equation (15) in terms of S and P as follows, 


One can write the pressure as a function of T, r+, and qm from equation (15) as follows, 

^ T 1-$| ^ 

V 2ttv‘^ ttv'^ ’ 

where, v = 2r+ can be identified with the specific volume of the system [29]. This equation 
describes different phases of a dyonic black hole in a hxed electric potential and magnetic 
charge ensemble which is similar to extended liquid-gas phase diagram. 

In thermodynamic, heat capacity is an important measurable physical quantity. It de¬ 
termine the amount of requisite heat to change the temperature of an object by a given 
amount. There are two different heat capasities for a system, heat capacity at constant 
pressure and heat capacity at constant volume. Heat capacity can be calculated by the 
standard thermodynamic relations, which is given by, 


Cv = T 




Cp = T 


V 




The entropy is given by, 


Q 2 

b = —— = nr, = TT 
4 


An ) 


Thus we have Cy = 0 and Cp which is given by, 

{8PS^ + S{l-A>l)-nql,) 


Cp = 2S 


i8PS^ + Sil-A>l)+3nql,) 


(3.13) 


(3.14) 


(3.15) 


One can write P as a function of thermodynamical volume from equation (19), so we have. 


P3 V6y 27rH3 V6y ttVs J 


(3.16) 


P-V diagram is depicted for fixed (T, Qm) in figure (2). 

In figure (2a), there are three different solutions for black hole horizon. These are 
identified as Branch-1 (Black), Branch-2 (Red) and Branch-3 (Green). For large P only 
Branch-1 (SBH) exists, while for low P Branch-3 (LBH) is the only solution. On the other 
hand in figure (2) Branch-2 indicates unstable phase thermodynamically. In figure (2b) 
we see that above a critical temperature, Branch-2 totally disappears and Branch-1 and 3 
coalesce, therefore phase transition occur for T < Tp- 

In phase transition, SBH reduces to LBH, if after that LBH again transfers to SBH , we 
can define classical cycle for black hole. As before we explained, the SBH absorbs amount 
of heat Qh along isothermal expansion and we know also it exists at high pressure . 
Actually, an explicit expression for Cp would suggest that we ought to have a new engine, 
involving two isobars and two isochores/adiabatas as hgure (3). The work done in this cycle 
is, 


5 











2 .5-r 


2 - 

1 . 5 - / 

P / 

0 . 5 - 

O-l-^^-r 

0 0.005 0.010 0.015 0,020 

(a) ^ 



Figure 2. (a) P-V diagram for all other parameters held constant {qm = 0.028, = 0.35, 

T = 1.05). (b) P-V diagram for fixed {qM = 0.028, = 0.35) and varying T. 
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Figure 3. Our other engine. 
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W = (b PdV 


Wtotal = Wi^2 + = Pl(V2 - Vi) + ^ 4(^4 " ^s) 

Wtotai = :^(Pi - P4)(si - 5 J). 

’Jy TT 

The upper isobar will give the net inflow of heat which is Qj/, so one can write, 

Qh= r Cp{Pi,T)dT. 

Jp 

In limit of high pressure we have, 


(3.17) 


(3.18) 


T ^ ^ , Pp ~ 2 d 2^2) 


TT 


which yields 

Thus the efficiency is, 

and also we have. 




W , P 4 


h = 1 — 74 ;—• 

' Th 


(3.19) 

(3.20) 

(3.21) 

(3.22) 


4 Kerr Ads black hole solution 


The Ads rotating black hole solution is given by the Kerr AdS metric [33]: 


ds^ = —- 


a sm „ 
dt - —dip 


2 , pn2 , sin^i 

+ -rdr H- dO + s- 


A 




adt — 


r^ + a^ 


-dip 


(4.1) 


where in d = 4 

2 2 2 
= r^ + a^ csc^ 0 , S = l-^ , A = (r^ + a^)(l + ^)-2mr , s = l-^csc^0. (4.2) 

The entropy, temperature and angular velocity is as follows. 


2 , 3rl 


(rl + a'^) r+(l + f2- + 

S = 7r^P-^ - - , T = - 


47r(ri + a 2 ) 


= 


ri + a 2 


(4.3) 


one can write the temperature as follows. 




!± 

47r 


(4.4) 
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Figure 4. P — v diagram for the rotating black hole. The isotherms in P — v plane are depicted 
for a rotating black hole with J = 1. 


The mass of black hole M and the angular momentum J are related to parameters m and 
a as follows, 


M = 


m 


J = 


am 

■^2 ■ 


(4.5) 


The pressure identifies with P = — ^ and the thermodynamic volume is [15,17], 


V = 


27r (r^ + + a^£^ — r^a^) 


3 

one can write the above equation as follows, 

2 

^ = - + r+S). 

3 7rr+ 

The equation of state is written as by following equation. 




V 2'kv'^ 


1 48J2 

+ 


vru'^ 


where 


v = 2 


© 


= 2r+ + 


12 J 2 


(4.6) 


(4.7) 


(4.8) 


(4.9) 


r+(3r^ + 87rr^P) 

We illustrate P — v diagram in Fig(4). The phase transition exists for this black hole too. 
Consequently, we can define heat engine for rotating black hole. 

The heat capacity at constant pressure is, 

(-;^+87rP+f) 


Cp = 


2-Kri 


(1 +8vrP + f-51) 


(4.10) 


Here we use from limit ^ <C 1, then one can obtain r_|_ as follows. 


r+ 



rsj 


(4.11) 
















Figure 5. Our other engine. 


and 



as we know 




<C 1, so we have, 






(4.12) 


(4.13) 


Consequently, the heat capacity at constant volume is Cy = 0. Thus we can define the 
following cycle for Kerr-AdS black hole. 


The work done along the isobars is, 


w = \\^{sl-sh{Pi-PA). 

O V TT 

(4.14) 

The inflow of heat determine of relation (25). As previous section, 
cycle is at high pressure, thus we have: 

we use a limit which 

r~ 2 Pr+, 

(4.15) 

2 

where in limit ^ <C 1 we have, 

'■+ 


T ~ 2P\ — . 

V vr 

(4.16) 

The heat capacity at constant pressure in this limit is. 


TT 

Cp ~ 25 ~ 2 HP2 ■ 

(4.17) 


Consequently, one can obtain the following equation. 


= ■ (4.18) 
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Therefore, the efficiency of this cycle is, 


(4.19) 


rj = 1 — 


Th' 


5 Conclusion 

fn this paper we have studied thermodynamic cycle and heat engine for different black holes 

and we have compared to each other. By considering classical cycle for Dyonic black hole 

in constant electric potential and magnetic charge ensemble we have understood in case of 

static black holes, the thermodynamic volume V and entropy S are simply related to each 

other (this is key to the simplicity of one of the results concerning thermodynamic cycles). 

Therefor we can say adiabats and isochores are the same. By computation of the efficiency 

of this black hole we have seen the cycle has the maximum efficiency (Carrnot efficiency) 

only at limit of high pressure. And far away of this limit it has efficiency less than Carrnot 

efficiency. Then the next step, we have considered Kerr Ads black hole, fn this case, the 

thermodynamic volume V and entropy S are independent, thus adiabats and isochores are 

2 

not the same. But we have seen in limit ■%- <C 1 the volume and entropy are dependent and 

also adiabats and isochores are same. For that case computation of the efficiency will be 

simple. Also in this case, we can say that the efficiency has maximum value (which is same 

Carrnot efficiency) at high pressure. Thus we note that, by assumption of high pressure 

2 

limit for two black holes and limit ^ <C 1 for Kerr Ads black hole, their behavior will be 
same. As we know the P-V critically may be not satished by any black hole. So, this lead 
us to consider special black holes for heat engine. Thus, this information help us to give 
correction to any black hole which is not satished by critical behavior. So we back this 
problem in future. 
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